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Abstract 
In this communication the domination umber of the cross product of an elementary path 
with the complement of another path is exactly determined and some inequalities for general 
cases are deduced. The paper ends with a Vizing-like conjecture relating the domination 
number of the cross product of G and G' with the product of the corresponding ones. 
1. Introduction 
We consider only finite and simple graphs (without loops or multiple edges). 
The complement of G will be denoted G c. Since the terminology is not standard, 
let us recall the definitions used here for the cartesian and the cross product of 
graphs. 
If G = (V, E) and G' = (V', E ' )  are graphs: 
- - the  cartesian product of G and G' is the graph denoted Gx  G' where 
V(G × G') = V× V' (the usual cartesian product of sets) and (u, u') is adjacent o (v, v') 
in G×G'  iff(u = v and u'v' in E')  or(uv in E and u '= v'). 
- -  the cross product (sometimes called conjunction or tensorial product) of G and G' 
is the graph denoted G ® G' where V(G ® G') = V× V' and (u, u') is adjacent o (v, v') 
in G ® G' iff (uv in E and u'v' in E'). 
A dominating set of G = (V, E) is a subset D or V such that every vertex v in V - D is 
adjacent o at least one vertex in D. The domination umber y(G) of the graph G is the 
minimum cardinality of all its dominating sets; the reader is referred to [4] for an 
extensive bibl iography on this notion. Some results are recalled: 
- -  If H = (V, F)  is any partial subgraph of G, then 3p(G) ~< ~/(H). 
- -  If G is a path Pn or an elementary cycle on n vertices C., then 7(G) = [- ~ -] 
(see I-5]). 
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- -  We have always 7(G) ~< z(G c) (where z(G) is the chromatic number of G). 
- -  If G is any bipartite graph with at least one edge, then 7(G c) = 2. 
- -  We have v(G) 7(G c) ~< 7(G x G ¢) = n (for inequality ?(G) 7(G ¢) -%< n see [7], and 
for equality see [1]). 
Vizing stated the still open conjecture: 
Conjecture (Vizing [9]). For all graphs G and H, 7(G)7(H ) ~< 7(G x H). 
2. Results 
We consider first the case of P, ® P~, where k and n are positive integers and where 
P, = xl x2 ... x, (resp. Pk = Yl Y2 "'" Yk) is the path with n (resp. k) vertices. The vertex 
(x j, Yi) of the cross product P, ® Pf, is simply written x~,j and the ith column of vertices 
is denoted X~, defined by X~ -- {xi.jl 1 <% j <<, k} where normally 1 ~< i ~< n with the 
further useful convention 
Xi=O for i>nor i< 1. 
Such a column (of k elements) is naturally ordered from j = 1 to j = k and by 
definition the neighborhood of xi,~ is (see Fig. 1) 
N(x~,j) = {Xp,q l i p  - il - -  1 and ]q - j [ />  2}. 
For two consecutive vertices u and v in the same column Xp_ 1, 
[(N(u) w N(v)) c~ Xp[ ~< k - 2. (1) 
For two vertices u and v at distance two in the same column Xp_ 1, 
I(N(u) tj N(v)) ¢~ X,I -%< k - 1. (2) 
Xi-I Xi Xi+l 
.I 
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Fig. 1. Neighborhood of a vertex v. 
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The following results are obvious: 
"/(P. ® P~) = n, 
7(/'. ® P~) = 2n, 
7(P. ® P~) = n + 2[-~-], 
7(P. ® P~) = k. 
For a dominating set D of P. ® P~ we define di = I D ~ Xil for every i in 7/. 
Lemma 2.1. Let n and k be integers with n > 1 and k > 3; if D is a dominating set of 
P, @ P~ then for every i such that 1 <~ i <~ n - 1 we have 
di- 1 q- di Jr- di +1 q- di + 2 ~-~ 4. 
Proof. Suppose we have a dominating set D contradicting the lemma, then there 
exists some i(1 ~< i ~< n - 1) such that d~_~ + d~ + d~+~ + di+2 ~< 3. Thus, one of these 
d r is 0. 
(1) Suppose d~+2 = 0 (or symmetrically di-1 = 0); then the inequality becomes 
d~_ 1 + d~ + di+ 1 ~< 3. It is straightforward from (1), (2) and k > 3, that d~+ 1 cannot be 
either 0, or 1, or 2 or 3 which implies a contradiction. 
(2) Suppose d~+l = 0 (or symmetrically dl = 0); then the inequality becomes 
di- n q- di -t- di+ 1 ~< 3; but by (1) di+ 2 >/- 1 and di- 1 >~ 1 resulting in di ~< 1. Finally, by 
(1), we may conclude that X~ or X~+I is not dominated. [] 
We remark that, for i = 1 or i = n - 1, the lemma involves only three (two in case of 
n = 2) significant columns for the same conclusion. We are now ready to state the 
main result. 
Theorem 2.2. Let n and k be integers uch that n > 1 and k > 3. Then 
7(P .®P~)  = 
n /f n = 0 (mod 4), 
n+ 1 / fn -3 (mod4) ,  
n+2 / fn -2 (mod4) ,  
n+ 1 / fn=-  l (mod4) .  
P r o o f .  The general idea consists firstly in partitioning the vertex set V(P, ® P~) into 
p blocks Bi each of which needing at least four vertices in any dominating set, secondly 
in building a dominating set D such that [D c~ Bil = 4 for every i = 1 . . . . .  p. 
For the first small values of n (only one block p = 1): 
Ao = {xL 1, Xn,k, X2, n, X2,k} is a minimum dominating set of P2 ® PR ~, 
- -  Ao and An = {x3, l, X3,k, X2, I, X2,k} are minimum dominating sets of P3 @ Pk ¢, 
- -  An is a minimum dominating set of P4 @ Pk ~, 
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If n = 4q, the set of columns of P~ ® Pk ~ is partitioned into p = q blocks Bi of four 
consecutive columns in each of which we build a dominating set D isomorphic to the 
set A1 defined above. 
If n = 4q + 3, we partition the graph into p = q + 1 blocks where Bq+ 1 is the three 
last columns and Bi (1 ~< i ~< q) is a block of four consecutive columns. In each block 
we choose a subset isomorphic to A1 resulting in a minimum dominating set. 
If n = 4q + 2, we partition the graph into p = q + 1 blocks where B~ (resp. Bq + 1) is 
the three first (resp. last) columns, and Bi(l < i ~< q) are blocks of four consecutive 
columns; we choose the dominating set D by taking in B1 a subset Ao and in all other 
blocks a subset isomorphic to A1. 
If n = 4q + 1 by considering blocks of four columns it is easy to construct a domi- 
nating set with cardinality n + 1. It remains to prove that we cannot do better. 
Consider the following p = q + 1 partition: B1 consists of the three first columns, B~ 
(2 ~< i -%< q) are blocks of four consecutive columns and Bq + 1 is the two last columns. 
Let D be a dominating set of P~ @ Pk ~ of cardinality n. By Lemma 2.1, for every index 
i (1 ~< i ~< q), we have ID ~ B~I/> 4 so that ID n (UT= 1B~)I >~ 4q = n - 1. Since D has 
cardinality n, we have ID n Bq+ll-%< 1 and then the last column is not dominated (a 
contradiction). This completes the proof. [] 
Proposition 2.3. For n > 1 and every graph G we have 
Proof. Like in Theorem 2.2, we construct a dominating set of P, ® G from some 
minimum dominating set of G (duplicated in two consecutive columns). [] 
Corollary 2.4. Let n and k be integers such that n > 1 and k > 3. For every path- 
harniltonian graph H of order n, we have 
y (H®Pp, )<.n+2.  
Proof. This is a straightforward consequence ofTheorem 2.2 and the fact that if Pn is 
a hamiltonian path of H, then ~(H ® Pk ~) ~< 7(Pn @ Pk~). [] 
Corollary 2.5. For every path-hamiltonian graph H of order n and for every graph G, we 
have 
J+ 0 
Proof. This is a straightforward consequence of Proposition 2.3 and the fact that if 
P. is a hamiltonian path of H, then ~(H ® G) ~< y(P. ® G). [] 
For instance, these last inequalities may improve some ones given in [3] or 18]. 
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3. Conclusion 
From Theorem 2.2, we note that 
?(P,)y(P~) <. y(P, ® PP, ), 
so we conjecture a Vizing-like inequality for the domination number of the cross 
product of graphs. 
Conjecture. For all graphs G and H we have y(H ® G) >~ y(G)y(H). 
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